Abstract. Thermal displacement fluctuations in a crystal may be classified as either "affine" or "non-affine". While the former couples to external stress with familiar consequences, the response of a crystal when nonaffine displacements are enhanced using the thermodynamically conjugate field, is relatively less studied. We examine this using a simple model of a crystal in two dimensions for which analytical calculations are possible. Enhancing non-affine fluctuations destabilises the crystal. The population of small frequency phonon modes increases, with the phonon density of states shifting, as a whole, towards zero frequency. Even though the crystal is free of disorder, we observe growing length and time scales. Our results, which may have implications for the glass transition and structural phase transitions in solids, are compared to molecular dynamics simulations. Possibility of experimental verification of these results is also discussed.
Introduction
While an ideal crystal is homogeneous at all length scales larger than the unit cell, 1 a defining characteristic of glasses is the presence of structural and dynamic heterogeneities. [2] [3] [4] [5] Such heterogeneities, cause "soft spots", 6 participate in mechanical deformation, 7, 8 and contribute to localised transverse vibrational modes. 9 They have been argued to also give rise to phenomenon of "boson peak", [10] [11] [12] [13] viz., an enhancement in the weight of low frequency region in the phonon density of states. On the other hand, there are suggestions that the boson peak is unrelated to specific soft spots but simply represents an usual crystalline van Hove singularity broadened by disorder. [14] [15] [16] Indeed, explicit calculations for a model disordered solid shows that hybridisation of crystalline vibrational states and a shifting of the lowest van Hove singularity to the low frequency region due to disorder contributes to the boson peak phenomenon. 16 This paper is an attempt to reconcile these two, seemingly divergent viewpoints. Our argument proceeds as follows. Soft spots, detected in computer simulations, 6, 8 and in experiments on colloidal glasses, 12 undergo local * For correspondence † Dedicated to the memory of the late Professor Charusita Chakravarty.
structural rearrangements during shear deformation. 17 These rearrangements are non-affine in the sense that they cannot be represented as an elastic strain on a reference volume. 8 We have shown, [18] [19] [20] that thermal fluctuations can cause non-affine displacements even in a homogeneous crystal. In this case, such deformations are, however, transient and are predominantly defect (dislocation pair) precursors. 21 We have also shown that it is possible to enhance (or suppress) these fluctuations in a crystal using an external field. 19 In this paper we ask what effect, if any, do these field enhanced non-affine deformations have on the phonon density of states of crystals?
To answer this question we consider a very simple crystal consisting of particles connected by harmonic bonds and arranged in a two dimensional triangular lattice. 22 While we ignore anharmonic effects, we demonstrate below that the model is still capable of showing non-trivial behaviour. A great advantage of this model, on the other hand, is the fact that many results may be obtained analytically, 18, 19 completely removing artefacts arising from systematic and random errors from computer simulations or experiments.
Using the well defined projection formalism, which we have established in a previous publication, 18 we separate thermal particle displacements into affine and 892 Saswati Ganguly and Surajit Sengupta non-affine subspaces. An external field is introduced, 19 which couples selectively only to the non-affine component of the displacements. The phonon dispersion curve and the density of states is then obtained as a function of the field. As the field is increased, vibrational modes at the Brillouin zone boundary becomes soft and the density of states gets enhanced in the low frequency region. 23 The smallest van Hove singularity, which appears as a sharp peak also shifts to the low frequency region. As a corollary, we show that this shift is accompanied by a many-fold increase in the correlation length and relaxation time of non-affine displacements.
Our results demonstrate, for what we believe to be the first time, that non-affine fluctuations are the primary cause for the boson peak phenomenon. These fluctuations are predominant in a disordered solid but can also be artificially tuned in an ordered crystal which, nevertheless remains perfectly homogeneous over large length and time scales. Disorder can broaden this response, which, again, we show explicitly by introducing random interactions in our model.
The rest of the paper is organised as follows. In the next section we explain the projection formalism for obtaining non-affine displacements and define our model system and simulation procedure to test our results. This is followed by a description of our main (analytic) results which are compared to simulations together with a discussion on the role of disorder. We end the paper with a summary of our main results and conclusions.
Non-Affine Fluctuations
An ideal crystal at a temperature T = 0 is a rather well understood object -its physics being completely specified by lattice vibrations. 23 The magnitude of lattice vibrations is often used as a measure to determine the stability of a crystal and its melting properties. 24 For the special case of a harmonic crystal, defined, for example by the Hamiltonian,
many essential thermodynamic quantities may be obtained exactly. Here p i the momentum, m the mass, r i the instantaneous position, and R i the reference position of particle i. The length scale is set by the lattice parameter l, the energy scale by K l 2 , and the time scale by √ m/K . We have chosen l = m = K = 1. A dimensionless inverse temperature is given by β = K l 2 /k B T , with k B the Boltzmann constant. The interactions have a range equal to the size of -a typical coordination volume.
In Refs. 18 and 19 we have described in detail how particle displacements in such a system may be projected onto affine strains and non-affine displacement components. While Ref. 18 gave the general theory and specific examples of the one dimensional chain and the two dimensional triangular lattice, Ref. 20 extended this formalism to the two dimensional honey-comb structure. Below, we give a brief summary of this procedure for completeness. While our procedure is perfectly general and can be carried through for any lattice in any dimension, we present results only for the two dimensional (d = 2) triangular lattice with restricted to the first neighbour shell consisting of a central particle and its six neighbours.
Within , around particle i, define relative atomic displacements, j = u j − u i with j = i ∈ . To obtain the best fit local affine deformation D, one minimises 2 with the non-affinity parameter χ(R i ) > 0 given by the minimum value of this quantity. 8 In Ref. 18 we showed that this minimisation procedure is equivalent to a projection of i onto a non-affine subspace defined by the projection operators P, where χ(R i ) = T P and is a column vector constructed out of the i . The projection operator P 2 = P = I − R(R T R) −1 R T and R jα,γ γ = δ αγ R jγ , with the central particle i taken to be at the origin.
In Ref. 18 , we showed how the statistics of χ may be obtained for (1) . For instance, the thermal average χ is given by the sum of the eigenvalues, μ σ μ , of PCP with C iα, jγ = iα jγ , the covariance matrix of the coarse-grained displacements. Using rather standard statistical mechanical techniques, 18, 19 and appropriate generating functions, one can obtain explicitly both the single point probability, P(χ ), and two point, spatio-temporal correlation function
These results are accurate for any solid at low temperatures and high densities where the harmonic approximation, used in deriving them, is valid. The thermal average χ for a crystalline solid is non-zero at any finite temperature, it is also, on the average, exponentially correlated in space and time with the spatial and temporal scales being set by the lattice parameter and the microscopic relaxation time. However, as we show below it is possible to enhance the expectation value and correlation of χ . We use a device introduced in Ref. 19 for this purpose.
Consider then the extended Hamiltonian,
The term multiplying h X involves the elements of the projection operator P i j , a function only of the reference configuration, that acts on particle displacements. Note that the extra term in (2) can also be represented as h X X where X = 19 The third eigenvector represents coming together of 4 particles to form a triangular lattice of tetramers with twice the lattice parameter.
in particle positions projected onto a subspace spanned by the eigenvectors associated with the non-affine eigenvalues σ μ . It is important to note that this new term does not break translational symmetry of the lattice. Indeed, the substitution u i → u i + c, for all particles i with c being an arbitrary constant displacement, keeps the Hamiltonian invariant.
Taking as the nearest neighbour shell consisting of particle i and its 6 neighbours, we obtain 12 possible lattice modes. There are d × d = 4 affine distortions in two dimensions, viz. local volume, uniaxial and shear distortion of together with local rotations. The remaining 8 modes are non-affine and appear as non-trivial eigenvectors of PCP. The distribution of the eigenvalues is not uniform with the lowest eigenvalues being separated from the rest by a large gap. 19, 20 In Figure 1 , we have plotted three of the softest nonaffine modes which have the highest eigenvalues and therefore make the largest contribution to χ . Note that the reciprocal of the eigenvalue is proportional to the curvature of the Hessian projected in the direction of the eigenvector. The two largest eigen-distortions, (μ = 1, 2) are degenerate and have been shown to represent fluctuations which tend to nucleate a dislocation dipole. The third eigenvector (μ = 3), with an eigenvalue about five times smaller, represents a fluctuation where the original triangular lattice transforms to another similar triangular structure consisting of tetramers with double the lattice parameter -similar to a period doubling transition commonly observed in one dimension. 1 The remaining higher energy modes represent more complicated distortions of .
Analytic calculations of correlation functions for the model solid presented in the next section have been carried out using procedures explained in detail in Refs. 18 and 19 and will not be repeated here.
Simulation results report molecular dynamics (MD) calculations. 25 MD simulations in the canonical ensemble, i.e., at constant particle number N , volume V and temperature T , were done using a leapfrog algorithm, coupling the system to a Brown and Clarke thermostat. 25 The size of the systems ranges from from N = 100 to N = 40000 particles. Typically, unless otherwise stated, we used an MD time step of δt = 0.002 in reduced time units and reduced inverse temperature β = 100.
Results and Discussion
Increasing h X increases χ locally. Most of this contribution comes from the softest non-affine modes, corresponding to μ = 1, 2 ( Figure 1 ). Note that any linear combinations of these modes are also degenerate and so the direction of the modulation wavenumber, with magnitude χ −1/2 , varies in space pointing randomly in all directions consistent with crystal symmetry. This modulation is incompatible with global, crystalline order and therefore remains a localised (but transient) distortion of the lattice. We now study the consequences of enhancing the probability of all non-affine modes using an external field.
An advantage of studying the properties of a solid using a harmonic approximation is the possibility of obtaining exact results even in the presence of the non-affine field h X . Indeed, the complete statistical mechanics of this system can be obtained analytically (apart from numerical integrals and Fourier transforms) as long as the periodic crystalline phase is stable. [18] [19] [20] In order to understand how crystal properties are affected by the non-affine field, h X , we calculate the Hessian
D(R, R ) = ∂ 2 H/∂u(R)∂u(R ).
A Fourier transform then yields the dynamical matrix, whose eigenvalues are the phonon dispersion curves.
For convenience of representation we write the dynamical matrix as a sum of two terms D(q) = D harm +D X , where the first term D harm corresponds to the purely harmonic part of (2) and the second term, D X corresponds to the interaction arising due to the nonaffine field (= −h X N X). The harmonic part of the dynamical matrix 22 is given by, 
where k and l are the spring constant and the lattice parameter of the reference harmonic lattice with q x and 894 Saswati Ganguly and Surajit Sengupta q y being the orthogonal components of the wave vector q. The second term of the dynamical matrix, D X can be derived from the global non-affinity parameter X . The individual components of D X may be represented as
Here R j represents the lattice positions of all the neighbouring particles lying within the interaction volume of the particle with reference R i and u μi with μ = x, y represents the x and y components of the displacement vectors of the particles. Taking double derivatives of X and performing the sum over j leads to the final expression for D X ,
Note that the leading order term in A X (q) is of order O(q 4 ), so that h X does not contribute to the speed of sound or to elastic constants.
Assembling all terms, the full dynamical matrix in the presence of the nonaffine field is therefore given by,
The phonon dispersion curves shown in Figure 2 are obtained by diagonalising D. The eigenvalues, which correspond to the phonon frequencies ω(q), are given by,
The phonon density of states is then evaluated numerically in the usual manner, 23 by counting the number of q values within the Brillouin zone which correspond to the same value of ω. The analytically obtained phonon dispersion curves ω s (q) are shown in Figure 2a . The limiting behaviour of ω s (q) as q → 0 is independent of h X . This implies that, to leading order, h X does not change any of the mechanical properties of the crystalline solid, nor does it introduce any stresses while enhancing non-affinity.
Increasing h X leads to softening of certain phonon modes. While the q → 0 portion of the dispersion curves remain unaffected, phonon modes at intermediate and large q are softened. At large q near the zone boundary at the high symmetry M point, the phonon mode becomes soft and ω(q) → 0 as h X is increased. Inspection of the eigenvectors associated with this mode reveals that these are identical to the non-affine mode μ = 3 (see Figure 1) . The phonon density of states Figure 2b for the same values of h X . The DOS shows a prominent shift towards ω = 0 as h X increases.
A similar shift of the DOS to small ω is a well-known consequence of introducing disorder in crystals.
14 Note that in our calculations, crystal periodicity and homogeneity is maintained. Therefore it is surprising that a similar effect is seen even in the absence of disorder. This supports our contention that this shift is due to the enhancement of non-affine fluctuations. Disorder makes these fluctuations more predominant and may lead to a broadening of the peak. We return to this question at the end of this section.
In Figures 3 and 4 we compare analytic results for the spatial non-affine correlation function with those obtained from MD calculations. The spatio-temporal correlation functions were obtained analytically as in Ref. 19 For each of these correlation functions we have obtained correlation lengths ξ χ and times τ χ , which are also shown. For the values of h X where MD results corresponding to the homogeneous crystal are available, our calculations show excellent agreement with simulations. While instantaneous configurations show strong local variations of χ , these average out in time and the crystal remains homogeneous (see Figure 5a) . Our results therefore show that quasi localised modes, 9 or soft spots, 6 may not be directly responsible for Boson peak like phenomena, echoing some of the conclusions of Refs. [14] [15] [16] At larger values of h X , both ξ χ and τ χ shows a divergence. Indeed all σ −1 μ also vanish as h X − h 0 μ pointing to an underlying saddle-node bifurcation point beyond which a crystalline solid cannot exist. Simulations show that somewhat before this point is reached, however, the solid becomes heterogeneous through a spontaneous translational symmetry breaking dynamical transition. 26 What happens when we, additionally, introduce disorder? We present results for our model solid using a simple disorder model introduced in Ref. 27 which is also similar in spirit with that of Ref. 16 . In this model, the reference configuration is maintained with the disorder appearing only in the spring constants of the bonds such that K = 1 + δ K . Here, δ K is taken as a random variable distributed uniformly in the range (−K 1 , K 1 ). We find that even this seemingly innocent looking disorder, when sufficiently large, is enough to make drastic changes in the structure of the non-affine modes. This is illustrated in Figure 5 where we have plotted the probability for obtaining an eigenvalue σ for a local PCP matrix computed using the particle coordinates obtained from our MD simulations. For zero disorder this shows a series of well defined, but thermally broadened peaks, centred around σ = σ μ -the eigenvalues obtained analytically for the homogeneous and periodic lattice. The peak for the largest σ μ corresponds to dislocation precursors, 19 and is separated from the rest of the structure by a large gap where there For the pure solid (K 1 = 0) the distribution has peaks centred at each σ = σ μ with only thermal broadening. As disorder is increased, the peaks broaden and the identity of each separate non-affine mode is lost.
are no eigenvalues. As disorder increases, the once distinct, separate, non-affine modes loose their identities and the mode structure becomes more and more diffuse. Each local region now contributes a different set of vibrational modes with different frequencies thereby broadening the density of states as seen in Ref. 15 .
Conclusions
In this paper we show that enhancing non-affine fluctuations alone using an external field is sufficient to produce an excess of low frequency vibrational modes in a crystal without disorder. This occurs due to a shift of the lowest van-Hove singularity of the crystal to low frequency. These results are quite similar to the findings of Ref. 16 where a similar shift was observed as an effect of disorder. In our case, the solid, on the other hand, remains ordered, homogeneity and periodicity being imposed for all our analytic calculations. We thus conclude that disorder is a sufficient but not necessary condition for the appearance of boson peak phenomena. Non-affine displacements, which cause a shift of the van-Hove singularity, can be enhanced either by making the crystal disordered or independently using a specific external field.
The external field h X , nevertheless remains, at present, a mathematical device realisable only in computer simulations. However, we have mentioned in Ref. 19 how one may be able to generate such a field experimentally in a colloidal solid. Briefly, one can use video microscopy to obtain information about the current position of atoms and selectively apply appropriate forces using dynamic laser traps. In case such a feedback system is actually set up in the future, we believe that the results shown here and earlier in Ref. 19 would be valuable as a benchmark. There are several future directions which one may explore starting from the results presented here. Firstly, a more complete study is needed to elucidate the role of quenched disorder. Specifically, the complementary question of whether Boson peak phenomena in disordered solids may be influenced by similar external fields needs to be studied. For example, one may be able to suppress non-affine displacements, calculated with respect to a suitably defined reference configuration in a disordered crystal using some h X < 0. Will that also make the Boson peak decrease or even disappear? Finally we would like to extend this work to higher dimensions and towards more realistic materials.
